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Abstract
In this paper we discuss three examples where continuum theory may be applied to
describe nanoscale phenomena:
1. Enhanced ﬂow in carbon nanotubes (CNTs) – This model shows that the
experimentally observed enhancement can be explained using standard ﬂow
equations but with a depletion layer between the liquid and solid interfaces.
2. Nanoparticle melting – Nanoparticles often exhibit a sharp increase in melting
rate as the size decreases. A mathematical model will be presented which
predicts this phenomena.
3. Nanoﬂuids – Experimental results concerning the remarkable heat transfer
characteristics of nanoﬂuids are at times contradictory. We develop a model for
the thermal conductivity of a nanoﬂuid, which provides much higher predictions
than the standard Maxwell model and a better match to data.
Keywords: carbon nanotubes; enhanced ﬂow; nanoparticle melting; thermal
conductivity; nanoﬂuid
1 Introduction
Continuum theory may be applied when there is a suﬃciently large sample size to en-
sure that statistical variation of material quantities, such as density, is small. For ﬂuids the
variation is often quoted as % []. Assuming a spherical sample Nguyen and Werely []
suggest this level of variation requires aminimum of  atoms and so deduce a critical di-
mension of the order  and  nm for liquids and gases respectively. In fact by comparing
molecular dynamics (MD) simulations to computations based on the Navier-Stokes equa-
tions Travis et al. [] show that continuum theory may be applied to water ﬂow down to
around  nm. Thomas et al. [] suggest a ﬁgure of . nm. In the ﬁeld of heat transfer and
phase change it has been suggested that continuum theory requires particle radii greater
than  nm []. Kofman et al. [] state that at scales smaller than  nm the melting process
is discontinuous and dominated by ﬂuctuations, Kuo and Clancy [] observed structural
changes and a ‘quasi-molten’ state in their study of nanoparticle melting between - nm.
Nanoscale is typically described as involvingmaterials with at least one dimension below
 nm [], so there is clearly a range of sizes where continuum theory may be applied to
nano phenomena. In this paper we will discuss work carried out in the Industrial Math-
ematics Group at the Centre de Recerca Matemàtica using continuum theory to study
problems in ﬂuid and heat ﬂow and demonstrate how seemingly anomalous behaviour
may be explained without resorting to molecular dynamics or empirically based adjust-
ments. Full details of the group’s work in this area may be found in [–]. In Section 
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we will examine the issue of enhanced ﬂow in carbon nanotubes. Many experiments have
shown that when water ﬂows through a carbon nanotube the ﬂow rate is orders of magni-
tude higher than predicted by classical theory. Early papers [, ] quote factors of around
 orders of magnitude, although more recent experiments have shown the true ﬁgure is
closer to  order []. In our model we employ a concept taken from non-Newtonian ﬂuid
dynamics, that of a bi-viscosity ﬂuid, to explain why observed ﬂow rates of water in carbon
nanotubes are much higher than that predicted by classical theory. The model also sug-
gests a physical interpretation for the Navier slip condition. In Section  we investigate the
melting of nanoparticles. As the particles decrease in size, and so the ratio of bulk to sur-
face atoms decreases, it becomes easier for surface atoms to leave the particle. This results
in a decrease in the melt temperature. Using a form of the Gibbs-Thompson relation to
describe the variation of melt temperature with size we produce a model that explains the
experimentally observed ‘abrupt melting’. The ﬁnal problem concerns nanoﬂuids, these
are ﬂuids containing a suspension of nanoparticles. They have been claimed to signiﬁ-
cantly increase certain ﬂuid properties, such as the thermal conductivity and heat transfer
coeﬃcient. Despite hundreds of papers aﬃrming the remarkable heat transfer properties,
it was recently shown in a benchmark study, carried out in over thirty laboratories around
the world, that nanoﬂuids do not provide signiﬁcant improvements []. A theoretical
demonstration that increasing nanoparticle concentration can decrease heat transfer was
shown in []. This contradicted many analytical papers using the same model. However,
experiments seem clear that the conductivity of the ﬂuids increases signiﬁcantly with par-
ticle concentration. The classical Maxwell model, to describe the heat conduction of a
solid-in-liquid suspension, is known to signiﬁcantly underpredict the thermal response
of a nanoﬂuid. In Section  we investigate the thermal conductivity of a nanoﬂuid. The
Maxwell model is based on a static analysis. Using an approximate solution method to the
heat ﬂow problem we obtain an expression for the thermal conductivity of the ﬂuid which
shows much better agreement with experiment.
A review on the mathematics of the continuum to describe behaviour at the nanoscale
can be found in []. Previous mathematical models describing the melting of nanoparti-
cles based on continuum theory exist, for instance [–].
2 Enhanced ﬂow in carbon nanotubes
Carbon nanotubes (CNTs) are remarkably strong and light cylindrical nanostructures
which are excellent at conducting both heat and electricity. These advantageous prop-
erties have led to CNTs being proposed for a diverse range of applications (see []) in-
cluding DNA gene delivery [], biosensor diagnostics [], tissue engineering [], solar
cells [] and microelectronics technology (e.g., transistors []). CNTs have also shown
promise in the textile ﬁeld, as they can transport water much quicker than that predicted
by classical ﬂow theory. Several authors have shown that by using CNTs, ﬂow can be in-
creased by up to several orders of magnitude [, ]. However, more recently Whitby et
al. [] reported a more conservative maximum increase by a factor of . Following the
work by Myers [], here we demonstrate that the inclusion of a gas depletion layer in the
standard ﬂow model accounts for the aforementioned enhanced increase in ﬂow.
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Fluid ﬂow in a circular pipe is explained by the well-known Hagen-Poiseuille equation




where R is the pipe radius, pz is the pressure gradient along the pipe andμ the ﬂuid viscos-
ity. Research has demonstrated that the ﬂux associated with CNTs is considerably higher
than (). To explain this enhancement, a typical approach is to replace the no-slip bound-










Flow enhancement is generally deﬁned as, εslip = Qslip/QHP, the ratio of the observed to
predicted ﬂuxes, and thus Ls has an obvious eﬀect on any enhancement in the ﬂow. On the
microscale, it has been shown experimentally, that the slip length is much smaller than the
channel dimension. In contrast, the slip length for nanochannels is usually of the order of
microns. At present, there is no accepted theory for the slip length of a liquid ﬂowing past a
solid surface. However, there is one for gases, and the slip length is of the order of themean
free path of the gas []. Holt et al. [] and Majumder et al. [] report slip lengths of the
order of microns to match with their corresponding experimental treatments. However,
some authors [, ] have questioned the validity of the slip modiﬁed Hagen-Poiseuille
model based on the larger slip lengths reported in CNT studies. Cottin-Bizonne et al. []
suggest that the slip length should have a single, radius-independent value and be much
smaller than those typically quoted in the literature. In addition, they postulate that the
contamination by hydrophobic particles to be the cause of some of the high experimental
values. The hydrophobicity of CNTs has been proposed as an alternative explanation to
the slip length. Eijkel and van den Berg [] report that the strength of attraction between
water molecules is greater than the attractive force between the hydrophobic solid and the
water. This hydrophobicity can then lead to some form of ‘depletion layer’ which may be
interpreted as a region of low viscosity close to the tube wall. Experimentally this may be
viewed in terms of ‘apparent’ slip [, ]. Several authors have observed this phenomenon
experimentally [–] and via molecular dynamics simulations [].
We can model the scenario where a ﬂuid ﬂows over a depletion layer by assuming a bi-
viscosity ﬂowmodel. Speciﬁcally, the model consists of equations for the bulk ﬂow region
in the centre of the channel and a depleted region with low viscosity at the walls of the
tube. Matching the velocity and shear stress at the interface of these two regions at r = α












where μ, μ denote the bulk and depletion layer viscosities, respectively, such that
μ μ. Experimental studies on CNTs indicate a depletion later thickness of δ = . nm,
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and thus α = R–. nm. The ﬂow enhancement is deﬁned as the ratio εμ =Qμ/QHP. If we
take experimental data fromWhitby et al. [] we obtain μ ≈ .μ. Two readily avail-
able gases, air and oxygen, have viscosities approximately . that of water.
As highlighted, gas ﬂow theory accounts for apparent slip over a solid surface, but no
equivalent theory exists for ﬂuids. By comparing the ﬂux expressions using a slip model




















see []. As predicted by Thomas and McGaughey [] the slip length is a monotonically
decreasing function of R. In addition, noting thatμ/μ , we can identify three distinct
tube regimes, namely: wide, moderate and small tubes.
. For suﬃciently wide tubes where δ/R μ/μ we have εμ ≈ , and there is no
noticeable ﬂow enhancement. As a result the no-slip boundary condition is suﬃcient.
Slip is not observed in wide tubes with smooth surfaces. This condition holds for
R >  μm.
. Formoderate tubes where (δ/R)(μ/μ) is O() but δ/R  then only the leading
order term of Ls applies and







This applies approximately for R ∈ [ nm,  μm], and reﬂects a constant slip length
of Ls = δμ/μ. Several authors [, ] describe constant slip-lengths around
- nm.
. For very small tubes where δ/R is O() we require the full expression for εμ, and thus
the slip length varies with R.
The R bounds for the diﬀerent regimes are chosen such that there is a maximum error of
% when using the approximation.
The present model predicts εμ ≈ . for R = . nm which is corroborated by Thomas
et al. [] who report εμ ≈ . Themodel also predicts amaximum enhancement (obtained
by setting R = δ) of approximately which agreeswith themaximumvalue of  recorded
by Whitby et al. [].
3 Nanoparticle melting
Nanoparticles have a large ratio of surface to volume atoms which can have a signiﬁcant
impact on the material properties []. One example where this manifests itself is in the
well-known decrease in phase change temperature that accompanies a decrease in mate-
rial dimensions []. The experimental treatment of Buﬀat and Borel [] documented a
decrease of approximately  K for gold particles with radius slightly greater than  nm.
Similarly, the MD simulations of Shim et al. [] demonstrated a decrease of more than
Kbelow the bulkmelt temperature for gold nanoparticleswith a radius around. nm.
This interesting property has resulted in nanoparticles being the subject of research for
applications which require the particles to melt after serving their primary purpose, and
so pass through the system as disperse molecules. Drugs with poor water solubility may
be administered as nanoparticles to improve their uptake. Bergese et al. [] and Liu et
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al. [] consider antibiotic and antianginal drugs, which exhibit a melting point depres-
sion of around  K. Since gold has low toxicity, gold nanoparticles also make good carri-
ers for drug and gene delivery []. Hence, an accurate model to understand the thermal
behaviour of a nanoparticle and its probable phase change behaviour is extremely desir-
able. In this section we present a mathematical model describing the melting process of
nanoparticles proposed by Font and Myers [].
Assuming that density and speciﬁc heat are approximately constant in both the solid


















where Lm is the latent heat, Tm is the temperature at which the phase change occurs, T∗m
the bulk phase change temperature, c = cl – cs the change in speciﬁc heat from liquid to
solid, σsl the surface tension and κ the mean curvature. In the present model we assume
equal density for the solid and liquid phases, which is denoted by ρ . For the present analysis
we assume that the ambient pressure variation is small, and thus a pressure related term
whichmay appear in this relation is assumed negligible. Figure  compares the generalised
Gibbs-Thomson relation against experimental data for gold nanoparticles in the range -
 nm, see [].
























whereT and θ denote the temperature in the liquid and solid, and k, c are the solid to liquid
conductivity and speciﬁc heat ratios, respectively. The boundary conditions are T(, t) = ,
T(R(t), t) = θ (R(t), t) = Tm, ∂θ∂r
∣∣
r= = , where r = R(t) is the position of the solid-liquid in-
terface. The Stefan condition is
[












Figure 1 Melt temperature versus radius of gold
nanoparticles. Circles show experimental data, the
solid line is the generalised Gibbs-Thomson relation
and the dashed line the Gibbs-Thomson relation
with c = 0. Figure from [12].
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This model is similar to that described in []: the main diﬀerence being that our Gibbs-
Thomson relation includesc. As will be seen later, for large particles this does not greatly
aﬀect the results but becomes increasingly important as the particle size decreases.














ln(TmδT + ) – Tm
]
. ()
The model dimensionless parameters are deﬁned to be
c = cs/cl, k = ks/kl, δT =T/T∗m, β =
Lm
clT





where T = TH – T∗m is the temperature change (with TH the temperature applied at the
nanoparticle surface) and R the initial particle radius.
Forwater, gold and lead, for a temperature change ofT = Kwe ﬁnd β ≈ , ,  and
smaller increases in T result in larger β . As a direct consequence of their small volume,
the energy required to melt nanoparticles is also small. In fact any increase above the
melting temperature on the nanoparticle surface is enough to almost instantaneouslymelt
it. Thus, we focus exclusively on the large Stefan number regime (i.e., β  ). We observe
that small β suggests a fast melting process as the temperature applied at the nanoparticle
surface, TH , is much greater than the melting temperature, T∗m. On the other hand large β
indicates a slower process as TH is closer to T∗m. (However, we note that the time-scales are
of the order of pico seconds, so slow and fast are relative terms.) This implies a relationship
between β and the time-scale. Hence we rescale via t = βτ and search for asymptotic
solutions of the formT = T +T/β +O(/β). In the case of the liquid we have the systems

















, T(, τ ) = , T(R, τ ) = , ()
with corresponding solutions
T =  + (Tm – )
R
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– Rr
(  – r
 – R
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δT ln(TmδT + )]

















δT ln(TmδT + )]
. ()



















βδT ln(TmδT + )]
dR
dτ . ()
The initial conditions for the above coupled system of equations is R() =  and Tm() =
Tm(), where the latter value is ﬁxed by solving () with R = . Hence, the problem has
been reduced considerably from a system of two heat equations in the solid and liquid de-
ﬁned over a changing domain speciﬁed by the Stefan condition and coupled to an equation
describing the phase change temperature to solving two ﬁrst order ODEs.
Figure  illustrates the evolution of the melt front, R(t), where the dotted and solid lines
are the approximate solution and a numerical solution to the full system, respectively. The
three sets of curves denote three associated sets of solutions. Speciﬁcally, the curves la-
belled (i) denote themodel using the generalised Gibbs-Thomson relation, curves (ii) take
cs = cl inGibbs-Thomson but not the energy balance (see []) and curves (iii) are the stan-
dardmodel where Tm = T∗m and cs = cl . Clearly, the standardmodel overestimates themelt
time considerably. Curves (i) and (ii) show that as the solid radius decreases, the gradient
of the curve increases rapidly and tends to inﬁnity. Physically, this implies that in the ﬁnal
stages of melting, the particle will suddenly vanish, and this is the ‘abrupt melting’ phe-
nomena reported by []. Figure  presents the temperature proﬁle within the liquid and
solid regions as the particle melts. The circles show how the melt temperature decreases
with time, the dotted line is the solid phase temperature and the solid line is the liquid
temperature. An interesting feature of this graph is the fact that the solid temperature is
greater than the phase change temperature. In a standard problem the solid would be be-
Figure 2 Typical result for nondimensional
position of melt front R(t) (to convert to
dimensional formmultiply R by the original
particle radius of 10 nm and t by the time-scale
2.7 ps). Solid line represents the numerical solution
to the full system, dotted line is the approximate
solution. Figure from [12].
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Figure 3 Temperature proﬁles within a melting
nanoparticle. Figure from [12].
low the phase change temperature and so slow down the process, in this case the decrease
in melt temperature means the solid actually acts to speed up the melting.
4 Thermal conductivity of nanoﬂuids
The enhanced thermal properties of nanoﬂuids, compared to their base ﬂuids, has led
nanoﬂuids to being an attractive solution for heat removal in modern electronic devices
[, ]. Consequently, the study of the thermal properties of nanoﬂuids is an intense
research area. One of the critical ongoing issues is the lack of a satisfactory theoretical
model for the thermal response of a nanoﬂuid [, ].
Based on eﬀective medium theory, Maxwell’s seminal theoretical description of heat




[kl + kp + φ(kp – kl)
kl + kp – φ(kp – kl)
]
, ()
where ke, kp, kl denote the eﬀective, particle and liquid thermal conductivity and φ is the
particle volume fraction. The Maxwell model has several well-known drawbacks. Fore-
most, the model is only applicable to heat ﬂow in the material surrounding an equivalent
ﬂuid or around a particle, and not the scenario of interest, namely, an actual nanoﬂuid or
particle. Secondly, the theory is based on an inﬁnite region [] and hence is only applica-
ble to very dilute solutions where the particles are suﬃciently far apart such that there is
negligible thermal interaction between the particles. Clearly, this will lead to problems if
the particle concentration increases. In addition, Maxwell’s theory is based on a steady-
state analysis, which restricts one from considering the more interesting time dependent
thermal response of the nanoﬂuid.
Despite the aforementioned limitations, the Maxwell model works well for low volume
fraction ﬂuids with relatively large particles. However, the accuracy of the model deteri-
orates when the particle size decreases to the nanoscale. Keblinski et al. [] compared
experimental data from various nanoﬂuid treatments and reported that in most cases
ke ≈ ( + Ckφ)kl with Ck ≈ , which is in contrast to the linearised Maxwell model where
Ck ≈ . To improve the ﬁt between data and theory, numerous authors have proposed ex-
tensions toMaxwell’s model including nanolayers (a thin layer of ordered liquidmolecules
surrounding the particle), particle clustering, nanoconvection and Brownian motion. For
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example, Prasher et al. [] and Koo and Kleinstreuer [] modify Maxwell’s result to ac-
count for Brownian motion. Yu and Choi [] introduce a nanolayer of width  nm with a
thermal conductivity ten times greater than that of the base ﬂuid. The extensive review of
Das et al. [] illustrates that with the inclusion of additional eﬀects and new parameters,
there is better agreement between experiment and the variants ofMaxwell’s theory. In this
section we discuss an alternative expression for the thermal conductivity of a nanoﬂuid re-
cently proposed by Myers et al. [] that agrees well with experimental data.
If we focus on the liquid diﬀusion time-scale, then a suitable dimensionless model for






















, r ∈ [rp, ], ()
where T and θ are the temperatures in the particle and ﬂuid, respectively, α = αp/αl is
the ratio of the particle and liquid thermal diﬀusivities and rp is the particle radius. We
impose a ﬁxed boundary temperature greater than the initial temperature and continuity
of temperature and heat ﬂux at the ﬂuid-particle interface. Thus, the relevant conditions
are















where k = kp/kl .
To ascertain the eﬀective thermal conductivity ke, we ﬁrst examine an ‘equivalent ﬂuid’

















which is easily solved to give a solution in terms of Bessel’s functions. Of particular interest
is the temperature at the centre given by




The associated particle-ﬂuid system ismore complex and requires approximate solution
methods. Firstly, we note that to increase the base ﬂuid thermal conductivity, we introduce
nanoparticles with amuch higher diﬀusivity relative to the base ﬂuid. For example, copper
and AlO in water or ethylene-glycol solutions, have α   and k  . In eﬀect, this
indicates that heat is transferred more rapidly through the particle than the ﬂuid, and
hence T(r, t)≈ Tp(t). The ﬂuid thermal problem is reduced to a Cartesian system via the
transformation θ = u/r, and the resulting problem is identical to that solved previously via
an extension to the Heat Balance Integral Method (HBIM) in [, ]. The HBIM allows
for the temperature in the ﬂuid and the particle to be approximated via simple polynomial
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expressions, and thus highlight the inﬂuence of the physical parameters in the model. The
solution to the HBIM yields
Tp =  – e–(t–t), ()
where t is the time when the particle temperature ﬁrst rises noticeably above the initial
temperature,  = nλ/cT , λ = /( – rp) and cT = ( + rp)/ – /(n + ). From [, ] the
constant n = . is found by minimising the least-squares error when the approximate
solution is substituted into the heat equation.
Similarly, we apply the HBIM to the equivalent ﬂuid system to obtain the centre tem-
perature
Tc =  – e–
′(t–t′), ()
where ′ = nαe/cT and cT = (n – )/((n + )). The accuracy of this formula may be veri-
ﬁed by comparison with the exact solution ().
As the HBIM solution is an acceptable approximation, we ﬁnd an comparable diﬀusivity
by a matching argument between the HBIM solution for a particle and that of an equiva-
lent ﬂuid. Hence, we adopt a simple approach and equate the decay rates in the expressions












The dimensionless radius rp is scaled with the ﬂuid radius R. Typically, these relations are












A cursory glance of the above expression reveals that the thermal diﬀusivity of the equiv-
alent ﬂuid depends only on the liquid diﬀusivity and volume fraction. Critically, the com-
position of the nanoparticle does not aﬀect αe. Via [], using the relations αe = ke/(ρc)e




[( – φ) + φ ρpcp
ρlcl ](n – )
( – φ/)[( + φ/)(n + ) – ] , ()
which indicates that the equivalent particle conductivity is independent of the particle
conductivity. Note this has been veriﬁed experimentally, see [, ]. The particlematerial
properties appear through the density and heat, (ρc)p. However, as the ratio ρpcp/(ρlcl) is
O() and φ is small, this is a weak dependence. Consequently, the eﬀective conductivity is
predominantly a function of the liquid conductivity kl and volume fraction φ.
To test the validity of ourmodel we compare it to suitable experimental data from the lit-
erature. Figure  compares the presentmodel (solid line), given by Eq. (), with that of the
Maxwell relation () (dashed line) and several experimental data sets for an AlO-water
nanoﬂuid []. For small volume fractions, the Maxwell relation lies above the present
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Figure 4 Conductivity ratio ke/kl for Al2O3-water nanoﬂuid with kl = 0.58 W/mK. Equation () (solid
line); Maxwell model equation () (dashed line) and experimental data. Figure from [13].
theory and models the data better. However, for φ > ., the present model rapidly in-
creases above theMaxwell theory, and more signiﬁcantly, passes through a larger amount
of the data. Thus the present model clearly out performs the basic Maxwell model for the
majority of the experimental data for volume fractions greater than %.
5 Conclusion
This paper provides a brief overview of three pertinent problems from the nano ﬁeld. In
the ﬁrst problem we considered a model for ﬂuid ﬂow in carbon nanotubes. At present
there is no theory for calculating the slip lengths for a liquid moving over a solid surface.
We used an equivalent theory with a depletion layer over a solid surface to obtain an ex-
pression for the slip length in terms of the depletion layer thickness and its viscosity. Next,
we presented a mathematical model that successfully captured the ‘abrupt melting’ phe-
nomenon of nanoparticles. In particular, the model demonstrated the sharp increase in
melting rate as the size of the nanoparticles decreased. Finally, we considered the ther-
mal conductivity of nanoﬂuids, and our analysis led to an expression for solid-in-liquid
suspensions, derived in a distinct way to the seminal Maxwell model. The model showed
excellent agreement with experimental data for particle volume fractions greater than %.
While this work is at the limit of continuum theory, in each case the continuum mod-
els demonstrated good agreement with experimental data and provided valuable insight.
Moreover, the results of the nanoscale modelling in some cases led to a deeper under-
standing of the macroscale problems. At present there is great interest in nanotechnology
with applications in a wide range of areas. We have presented results for just three spe-
ciﬁc problems, however the success of the models indicates that there is great scope for
applying continuum models at the nanoscale.
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